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ABSTRACT 

Sufficient conditions are given, in module-theoretic terms, for the ideal N(S) 
of the endomorphism ring S of a module M consisting of the endomorphisms 
with essential kernel to be nilpotent. This extends in a natural way several 
known results on the nilpotency of N(S). When M is a quasi-injective module 
such that S is right noetherian, it is shown that S is right artinian if and only if 
M has a finite rational Loewy series whose length is, in this case, equal to the 
index of nilpotency of N(S). 

Let M be a left R-module and S = End(RM). Then the set N(S) of all the 

endomorphisms of  M which have essential kernel is a two-sided ideal ofS .  The 

problem of  giving criterions for the nilpotency of  N(S) (and bounds on the 

index of  nilpotency) is interesting for several reasons. For instance, if M is a 

quasi-injeetive module, then N(S) is the Jacobsen radical of  S, and if M is a 

self-faithful quasi-projective module [10], then N(S) coincides with the left 

singular ideal of  S. On the other hand, if M is a finite-dimensional module, 

then as it was shown in [7] and [16], the nilpotency of  N(S) is a sufficient 

condition for the nil subrings of  S to be nilpotent. This last property was used 

by Shock [16] to prove that if a module M satisfies the ascending chain 

condition on rationally closed submodules, then nil subrings of  S are nilpotent. 

A more recent source of  ideas on this problem is [3] where R is supposed to be a 

ring with Krull dimension and the main tool used is the concept ofsemicritical 

soele series. Later, it was shown in [ 11 ] and [ 19] how these methods could be 

extended to torsionfree modules with respect to a torsion theory r of  the 
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category R- rood of left R- modules. The basic assumption in [l 9] is that R is a 
z-artinian ring and, in order to obtain a bound on the index of nilpotency of 
N(S), M is furthermore supposed to be uniform and quasi-injective. 

In this paper we give, in Theorem 1.2, sufficient conditions in module- 
theoretic terms for N(S) to be nilpotent and we use this to get a result 
(Corollary 1.6) which can be regarded as a sort of dual of the theorem of Shock 
mentioned above. As particular cases of our theorem we recover several results 
of [ 1 ], [6], [ 19] and [20] whose basis is the fact that M is a A-module (i.e., R 
satisfies the descending chain condition (DCC) on annihilators of subsets of 
M) but, since in this case no particular hypotheses are placed on the ring R, the 
result is applicable also in more general situations (when M is not necessarily a 
A-module). Our main tool is the concept of (ascending) rational Loewy series 
of M, {F~(M)}. This is the particular case of the F,-series of M considered in 
[ 11 ] obtained when z = x(M) is the torsion theory ofR-mod cogenerated by M 
and, in some cases, it coincides with the x(M)-semicocritical socle series of M 
in the sense of [19]. 

In the second part of the paper we consider the question of giving (in terms 
of the rational Loewy series) bounds for the index of nilpotency of N(S) and in 
Proposition 2.1 we obtain a module-theoretic extension of [ 19, Theorem 4.8] 
without assuming that M is uniform nor quasi-injective. We can be much more 
precise when M is a quasi-injective module. In this case we show in Theorem 
2.2 that F~(M) is the annihilator in M of the radical J of S and if, furthermore, 
M satisfies an additional condition (which holds, e.g., when S is right noether- 
ian), then F"(M) is the annihilator of jn for each n > 0. Thus, for these 
modules, J is nilpotent with index n precisely when M has a rational Loewy 
series of length n and, in particular, for a quasi-injective module M, S is right 
artinian if and only if M has DCC on (rationally) closed submodules and a 
finite rational Loewy series. If, in addition to the above hypotheses, M is 
supposed to be uniform, then we show that Jn is, for each n > 0, the annihilator 

in S of F~(M). 
Throughout this paper R denotes an associative ring with identity and R- 

mod the category of left R-modules. A module Xis said to be L-generated if it 
is a quotient of a direct sum of copies of L and L-cogenerated if it is a 
submodule of a direct product of copies of L. The largest L-generated 
submodule of module X (the trace of L in X) is denoted by XL. The class of all 
the modules which are isomorphic to submodules of M-generated modules is 
denoted by triM]. This class has been considered among other papers, in [8] 
(where the notation Gen(RM) is used) and [21]. The module M is called 



Vol. 60, 1987 RATIONAL LOEWY SERIES 317 

quasi-injective when every homomorphism from a submodule of M to M has 
an extension to M; the dual concept is that of a quasi-projective module. We 
use the notation E(M) (Mr) to stand for an injective (quasi-injective) hull of 

M[51. 
If  z is a (hereditary) torsion theory of R-mod,  the lattice of z-closed 

submodules of a module M consists of all the X c M such that M/X is 
z-torsionfree. When M has DCC on r-closed submodules, M is said to be z- 
artinian. A submodule X of M is called r-dense if M/X is a r-torsion module 
and a nonzero module C is z-cocritical when it is z-torsionfree and every 
proper submodule of C is z-dense. We refer the reader to [2], [5], [ I 1 ] and [ 17] 
for all the ring-theoretic and torsion-theoretic notions used in the text. 

1. Endomorphism rings of distinguished modules 

Let M and X be left R- modules. As in [ 16], a submodule Y of X is said to be 
M-rational in X (or X a M-rational extension of Y) when every homomor-  
phism f f r o m  a submodule of X to M such that Ker f con ta ins  Y must be the 
zero map. Also, a submodule Y of X is called M- rationally closed if Y has no 
proper rational ~xtensions in X (when X = M we will supress the prefix M-). 
Thus, the M-rational submodules of X are precisely the x(M)-dense sub- 
modules and the M-rationally closed submodules are the x(M)-closed sub- 
modules. The M-rationally closed sumbodules of  X form a complete modular  
lattice ([ 12], [17]) and we will denote by yc the smallest M-rationally closed 
submodule which contains a given submodule Y. This lattice is also pseudo- 
complemented (for it is isomorphic to the lattice ofsubobjects of  an object of  a 
Grothendieck category [ 17, Coroll. IX.4.4]) and hence it is complemented if 
and only if it has no proper essential elements. Then it is easy to see that the 
property of  having a complemented lattice of M-rationally closed submodules 
is preserved under direct sums, submodules and quotients and by [17, Coroll. 
VI. 1.8] we have the following lemma. 

LEMMA 1.1. Each R-module X has a largest submodule with complemented 
lattice of M-rationally closed submodules, FM(X). Moreover, FM defines a left 
exact subfunctor of the identity of R-mod. 

The construction of FM is carried out (in a slightly different way) in [11], 
where a left exact subfunctor F, of the identity of R-mod  is associated to each 
torsion theory r. Taking r = x(M) in this construction we obtain precisely FM. 
Observe also that, in the particular case that Xis  E(M)-cogenerated (i.e., X is a 
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x(M)-torsionfree module), then F~(X) is just the largest submodule Y of X 
such that each essential submodule of Y is M-rational in Y. In [11], an 
ascending Loewy series is associated to the left exact subfunctor of the identity 
F, in the usual manner; we will be interested in the following particular case. 
For each R-module M set 

F°(M) = O, F"(M)IF~-'(M) -- FM(M/P- ' (M))  

if a is a non-limit ordinal and F~(M)= (.Jp<,F°(M) if a is a limit ordinal 
(FI(M) will also be denoted by F(M)). Then {F"(M)} will be called the 
(ascending) rational Loewy series of M. There exists a least ordinal y such that 
F~(M) = b v+ ~(M) and when y -- n is finite, we say that M has finite rational 

Loewy length. If, furthermore, F"(M) = M, then we will say that Mhas  a finite 
rational Loewy series (of length n). 

Recall that i fM and L are R-modules, then M is called L-distinguished [15] 
when for each nonzero homomorphism f :  X--- M, there exists a homomor- 
phism g:  L ~ X such that f . g  ~ 0. If this condition holds for all nonzero 
homomorphisms f :  X ~ M where X is a module of o[M], then we will say that 
M is L-distinguished in a[M] (it may happen that M be L-distinguished in 
aiM] without being L-distinguished). We will make use of this concept to get a 
module theoretic extension of[ l  9, Theorem 3.2] which, in particular, gives the 
nilpotency of N(S). Calling H = HomR(L, .~) we will say as in [1] and [5] that 
a submodule Z of L is M-closed if, with the notation of [ 11, Z = ILrn(Z), that 
is, Z is equal to the intersection of the kernels of all the endomorphisms 
f :  L ---)14 such that f(Z) = 0. This is also equivalent to L/Z  being cogenerated 
by M. Note also that if H ' =  HomR(N, E(M)), then Z c= ILrn,(Z) and, in 
particular, a )~-closed submodule of L is M-rationally closed (the converse is 
not true in general). 

THEOREM 1.2. Let M be a left R-module and S --- End(RM). I f  there exists 
an R-module L such that M is L-distinguished in aiM] and L satisfies the DCC 
on )f/l-closed submodules, then M has a finite rational Loewy series and N(S) is 
nilpotent. 

PROOF. Let {F~(M)} be the rational Loewy series of M. We claim that 
F~(M) -- M for some ordinal a. Using a standard argument which essentially 
reduces to [ 17, Prop. VI.2.5], we see that to prove this it is enough to show that 
each nonzero z(M)-torsionfree quotient module of M contains a nonzero 
submodule Y with the property that each essential submodule of Y is M- 
rational in Y. Since z(M)-cocritical modules have obviously this property, 
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this will follow if we show, more generally, that each nonzero x(M)-torsionfree 

module of a[M] contains a x(M)-cocritical submodule. Let then Xbe  a x(M)- 

torsionfree module of or[M]. Then there exists a nonzero homomorphism 
f :  X - , E ( M )  which induces another nonzero homomorphism g : f - ~ ( M ) ~  

M. But f -~(M),  being a submodule of X, belongs to a[M] and it follows from 

the fact that M is L-distinguished in a[M] that there exists a homomorphism 

h : L ---f-~(M) such that g .  h # 0. Let now Y c Im h be a M-rationally closed 

submodule of Im h. Then Y is equal to the intersection of  the kernels of  the 

homomorphisms u" Im h ~ E ( M )  such that Y C Ker u. But if u is such a 

homomorphism we see, using the fact that Im h c Xis a module o f a [ M ]  and 

the injectivity orE(M),  that there exists a homomorphism t : AP t) ~ E ( M )  (for 

some set I) such that Im u c Im t. As it is well known (see, e.g. [6, Prop. 5.1A]), 

the quasi-injective hull ~r of  M is precisely E(M)M and hence we have that 

Im u c Im t c E(M)M =/(/1. Thus Y is 3J-closed in Im h and so h-~(Y)  is a 

Al-closed submodule of L. Since L has, by hypothesis, DCC on such submo- 

dules, we see that Im h has DCC on M-rationally closed submodules. If C is a 

minimal M-rationally closed submodule of Im h, then C is obviously x(M)- 

cocritical (for Im h is x(M)- torsionfree) and C c Im h c X, proving our claim. 

Next we show that the rational Loewy series of  M is finite. Consider for each 

n > 1, the submodule 

L, = A{X c L I Xis  A~t-closed, F b ( L / X )  = L / X }  

(where F~ denotes the left exact subfunctor of  the identity corresponding to 

the n-th term of the ascending Loewy series associated with F~). We have a 
descending chain L~ 3 L2 3 • • • 3 Li 3 • • • of A~r-closed submodules of L 
which, by hypothesis, stabilizes, say at Lr = Lr+ z. Now we claim that F ' ( M )  = 

M. To prove this consider an epimorphism p : L (J) --,. (F r÷ ~(M))z for some set J 
and let ij" L ---" L (J), qj" L,. ~ L~ J) be the canonical injections and v" L~ J) ~ L (J) 

the inclusion. Since F~ +1 is a left exact subfunctor of the identity we see that 
F~u+ t (F r + ~(M )) = F r + ~(M) and hence that F~ + 1 (Im(p.  ij)) = I m(p .  ij), so that 

L,. = Lr+ ~ C Ker(p • ij) for each j of J. Therefore, we have that p .  v. qj = 0 for 

each j ,  which means that p .  v = 0 and hence that there exists an epimorphism 

k : ( L / L r )  (J)--" (F r÷ ~(M))L. On the other hand, since L has DCC on A~r-closed 

submodules, we have that there exists a finite set {X~, . . . ,  Xn } of ~r-closed 

submodules of  L such that F ~ ( L / X i )  = L /X ,  for each i = 1 . . . .  , n and L, = 

f"l['X~. Thus we have a monomorphism L / L r - - " ~  ?L/X~ and, since 

F~u( • L/X~) = ~9 F"(L/X~) = ~9 L/X~, we get that F~(L/Lr )  = L/L,.. Since 

subfunctors of the identity preserve arbitrary direct sums we also have that 
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F~((L/Lr) tJ)) ----(L/L,) ~'~) and, from the existence of the above-mentioned 
epimorphism k, it follows that F~(Fr+~(M))L =(F+I(M))L,  which in 

turn implies that F~,(Fr+~(M)) contains (F"+t(M))I.. If we set Z =  
F "+ ~(M)/F~(F "+ ~(M)) and there is a nonzero homomorphism z:Z-.-, E(M), 
then we get a nonzero homomorphism s: F"+I(M)--'E(M) which induces 

0 ~ c:s-~(M)---, M. Since s -  l(M) belongs to aiM] and M is L-distinguished 

in tr[M], there is a homomorphism d:  L --- s -  ~(M) such that c.  d ~ 0. But this 
contradicts the fact that I m d  c (Fr+I(M))L c F~,(F"+I(M)). Therefore we 

must have z = 0, which means that Fr÷~(M) is a M-rational extension of 

F~(F "÷ I(M)). Since, obviously, F~(F r+ ~(M)) is a M-rationally closed sub- 

module of F '  + I(M), we see that, in fact, F~ (F" ÷ ~(M)) = F r+~(M), from which 

it follows that F '+ ~(M) = F"(M) and hence that F"(M) = M. To complete the 
proof of the theorem, observe that, by [11, Prop. 2.2], F"(M)N(S)"= 0 and 

hence, in this case, N(S)' = O. 

In the course of the above proof we have shown that in the hypotheses of 

Theorem 1 each nonzero z(M)-torsionfree module of a[M] contains a x(M)- 

cocritical submodule. From this it is easy to see that in that case F(M) 
coincides with the z(M)-socle of M (see [12] for the definition) and also that 

Fn(M) is equal to the n-th term of the x(M)-semicocritical socle series of M 

defined in [19] (as we will see later, this does not hold in general). 
From Theorem 1.2 it follows that if S = End(sM) and there exists an 

R-module L such that M is L-distinguished and L has DCC on M-rationally 
closed submodules, then N(S) is nilpotent. A particular case of this situa- 

tion is: 

COROLLARY 1.3 [20, Coroll. 6.2]. Let z be a torsion theory of  R-mod such 
that R is z-artinian and M is a z-torsionfree module with S = End(RM). Then 
N(S) is nilpotent. 

PROOF. Since M is ¢-torsionfree and R z-artinian, it is clear that R has 

DCC on M- rationally closed left ideals and so the result follows from Theorem 

1.2. 

COROLLARY 1.4 [6, Coroll. 8.3]. I f  M is a quasi-injective A-module and 
S = End(RM), then S has nilpotent radical. 

PROOF. Applying Theorem 1.2 to L -- RR we see that N(S) is nilpotent. On 

the other hand, since M is quasi-injective, it is well known that N(S) is 

precisely the radical of  S. 
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If  M is a quasi-injective module and X a submodule of M, then it follows 
from the fact that M is fully invariant in its injective hull [5, Coroll. 19.3] that 
X is M-closed (i.e., X = lMrs(X)) if and only if it is a rationally closed 
submodule and we will say simply that X is a closed submodule. The following 
result extends [1, Prop. 9.10] and [6, Coroll. 6.4]. 

COROLLARY 1.5. Let RM be a quasi-injective A-module with DCC on closed 
submodules. Then S = End(RM) is right artinian. This happens, in particular, 
when M is a quasi-injective A-module such that there exists a finitely generated 
submodule X of M with rs(X) = O. 

PROOF. By Corollary 1.4, S has nilpotent radical. Furthermore, i fX  c M, 
then it is clear that X is an essential submodule of IMrs(X) and hence each 
essentially closed submodule of M is closed. Therefore M has DCC on 
essentially dosed submodules and this is equivalent to M being finite- 
dimensional [13, Theorem 3.14]. This implies that S is semiperfect (see, e.g. 
[17, Prop. XIV. 1.7]) and hence semiprimary. On the other hand, the DCC on 
closed submodules of M is equivalent to S being right noetherian [ 1, Coroll. 
4.3] and thus we get that S is right artinian. To prove the second statement, let 
R = R/IR (M). Then M is an injective R- module [ 1, Prop. 2.16] and if z is the 
torsion theory ofR-mod cogenerated by M, our hypothesis implies that R is z- 
artinian. Since rs(X) = 0, we have that lMrs(X) = M and so X is a R-finitely 
generated T-dense submodule of M. Thus it follows from [ 12, Coroll. 21.4] that 
M is also z-artinian, that is, M has DCC on closed submodules, which 
completes the proof. 

A module M which is M-distinguished in tr[M] has been called M-faithful in 
[ 10] (we will also say that M is self-faithful in this case). In [16, Theorem 10] it 
is shown that if M has ACC on rationally closed submodules, then N(S) in 
nilpotent and every nil subring of S is nilpotent. Similarly we have: 

COROLLARY 1.6. Let M be a self-faithful module with DCC on rationally 
closed submodules. Then N(S) is nilpotent and nil subrings of  S are nilpotent. 
If, furthermore, M is quasi-projective, then the left singular ideal of S is 
nilpotent. 

PROOF. N(S) is nilpotent by Theorem 1.2 and that nil subrings of S are 
nilpotent is a consequence of the fact that in this case M is finite-dimensional, 
using [16, Theorem 3]. The last assertion follows from the fact that, i fMis  self- 
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faithful and quasi-projective, then N(S) is precisely the left singular ideal of S 

by [9, Coroll. 4.4]. 

As a consequence of Corollary 1.6 we see that if R is a ring with DCC on 
rationally closed left ideals, then the left singular ideal Z of R is nilpotent. We 
remark that the DCC on left annihilators is not enough to guarantee the 
nilpotency of Z [14]. Note also that, if in addition to the hypotheses of 
Corollary 1.6 M is supposed to be quasi-injective, then we may see as in the 
proof of Corollary 1.5 that S is, in fact, right artinian. In the following result we 
make the DCC hypothesis of L independent of M. 

COROLLARY 1.7. Let L be an R-module with DCC on L-generated sub- 
modules and M an L-distinguished module with S = End(RM). Then N(S) is 
nilpotent. 

PROOF. Using Theorem 1.2 it will be enough to show that L has DCC on 
M-rationally closed submodules. Let X be a submodule of L and assume that 
there is a nonzero homomorphism f :  X/XL ---" E(M). If p: X ~ X/XI. denotes 
the canonical projection we have that, since E(M) is L-distinguished by [15, 
Theorem 1 ], there exists a homomorphism g: L ----X such tha t f ,  p .g ~ 0. But 
clearly p .g = 0 and this contradiction shows tha t fmust  be zero, i.e., that XL is 
M-rational in X. I fXis  furthermore M-rationally closed in L, then Xis the M- 
rational closure (XL) c of XL in L and so X---'Xz gives an order-preserving 
injective mapping from the set of M-rationally closed submodules of L to the 
set of L-generated submodules, from which the result follows. 

COROLLARY 1.8. Let RP be a projective module with DCC on P-generated 
submodules and {S~ }t a set of  representatives of  the isomorphism classes of  the 
simple quotients of  RP. I f  M is cogenerated by the E(S~), then N(S) is nilpotent. 

PROOF. This follows from Corollary 1.7 observing that M is P- 
distinguished. 

EXAMPLES 1.9. Unlike the modules which satisfy the hypotheses of 
Corollaries 1,3, 1.4 and 1.5, the modules MofCorollaries 1.6, 1.7 and 1.8 need 
not be A-modules, even in the case that they are furthermore supposed to be 
injective or (finitely generated) projective. For instance, in Cozzens' example 
of a non-artinian simple noetherian domain with a unique simple module C 
which is injective [5, p. 90], C satisfies trivially all the conditions of Corollary 
1.6 but it is not a A-module. 

For the projective case, let A be a ring with DCC on rationally closed left 
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ideals (i.e., a A-ring in the terminology of  [6]) and R = RFM(A) the ring of 
row-finite N × N matrices over A. Let e = eml and P -- Re. Then P is a finitely 
generated projective left ideal of R which may be identified with A~ and if 
p~:P--*A denotes the i-th projection and RX is a nonzero submodule of RP, 
then there exists a left ideal I ÷ 0 of  A such that Pi(X) -- I for each i of  N (see [8, 
Example 4.5]). Thus, if 0 + X c RP, there exists an element x of  X such that 
p~(x) ÷ 0 and considering the homomorph i smf :  RP ~ Xgiven by right multip- 
lication with x we have thatf (e)  = ex = p~(x) ÷ O, so t h a t f  ÷ 0 and hence Pis  
self-faithful (or, equivalently, P-distinguished). To see that P has DCC on 
rationally closed submodules, let E(A ) be the injective hull of AA and consider 
the (A, R)-bimodule AeRR. Since eRR is projective, the left R-module E - -  
HomA(eR, E(A)) is injective. E can be identified with the set of N X N 
matrices (aij) such that a~j EE(A) and a~j -- 0 for j  > 1, and it is clear that RPis 
an essential submodule of E,  so that in fact E -- E(RP). Observe now that the 
rationally closed submodules of RP are precisely the annihilators in P (P 
considered as a left ideal of R) of the subsets o fE .  I f Z  c E, its annihilator in P 
can be identified with (IA(1rI(Z))) ~¢ (where 7q :E(A )~--. E(A) denotes the first 
projection and we identify E with E(A)N) and since A is a A-ring we see that RP 
has indeed DCC on rationally closed submodules. Finally, observe that P is not 
a A-module, for the left ideal of the matrices of R that have all the entries in the 
first n columns zero is the annihilator in R of  a subset of  P for each n > 0. 

If  we assume that the ring A is left artinian, then since End(RP)~ eRe ~--A 
we have by [9, Prop. 3.1 ] that RP is an artinian module and hence we may apply 
Corollary 1.8 to see that ifRM is cogenerated by the injective envelopes of the 
simple quotients of  RP and T -- End(RM), then N(T) is nilpotent. 

The fact that, when A is a A-ring in the above example, then S -- End(RP) has 
N(S) nilpotent, follows also from the remarks made after Corollary 1.6, for 
ZGA) is nilpotent. More generally, we have: 

COROLLARY 1.10. Let R be a ring such that there exists a module RL with 
DCC on R-rationally closed submodules and with L* = HomR (L, R)faithful. 
Then Z(RR ) is nilpotent. 

PROOF. By [15, Example 2], L* is faithful if and only if RR is L-dis- 
tinguished and so the result follows from Theorem 1.2. 

Recall from [22] that a module L is called a Z-self-generator if all the 
submodules of L '  are L-generated (for each r > 0). 

COROLLAR',' 1.11. Let L be a Z-selfgenerator and M~o[L]  such that L 
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has DCC on ~I-closed submodules. Then N (S) is nilpotent. If, furthermore, L is 

artinian, then N(S) is nilpotent for every M of  tr[L ]. 

PROOF. It is easy to see that i fL  is a Z-self-generator, then each module of 

a lL]  is L-generated. If Mbelongs to o[L], we have that o[M] c a[L] and it is 

clear that M is L-distinguished in o[M], so that we may apply Theorem 1.2. 

The last assertion is now immediate. 

We recall that a module RM is called counterartinian [6] when Ms is artinian. 

COROLLARY 1.12. Let RP be a projective counterartinian module and 
B = Biend(RP) its biendomorphism ring. Then N(B) is a nilpotent ideal. 

PROOF. By [ 12, Theorem 3.2], Ps is a Z-self-generator and thus the result 

follows from Corollary 1.11. 

One might naturally ask what happens if in Corollary 1.6 the assumption 

that M is self-faithful is dropped. In this case N(S) is not necessarily nilpotent 

(for instance, take M -- Zooo) but we can still show that nil subrings of S are 

nilpotent. 

PROPOSITION 1.13. Let M be an R-module with DCC on rationally closed 
submodules and S = End(sM). Then each nil subring of  S is nilpotent. 

PROOF. We adapt the nice proof given by Fisher for artinian modules [7, 

Theorem 1.5]. First we show that S has DCC on left annihilators (of subsets of  
S). If  11 ~ 12 ~ • • • ~ Ik D • • • is a descending chain of left annilators in S, 

then we have a descending chain of rationally closed submodules of 
M :  (MII) c D (MI2) ~ D . . .  and so (M/j) ~-- (MIj+O c for some j .  Now, i f f E  

rs(Ij+ 1), then it is clear that M/j+ i C Ker f a n d  since Ker f is a rationally closed 
submodule of M, (M/j+ 0 c is also contained in Ke r f ,  so that M/j c Ker l a n d  

fErs(Ij) .  Therefore rs(Ij)= rs(Ij+l) and hence / i  = Ij+l. Let now N be a nil 

subring of  S. By [7, Lemma 1.2], in order to prove that N is nilpotent it is 

enough to show that it is right T-nilpotent. Assume, on the contrary, that N is 

not right T- nilpotent. Then, by [7, Lemma 1.3], there exists a sequence {0, } of  

elements of N such that ~,¢,_ I" ' ' ¢1 = 0 and ¢ ~ , _  1" • • 01 = 0 for each n >-_ i. 

Calling sj = ej~j_ 1 " "  ¢~ for each j ,  we see that Ms~ D M h  D . . .  ~ Msj ~ . . .  
and hence we have a descending chain of rationally closed submodules of  M, 
{(Msj)C}. Our hypothesis implies that (MSk) c = (MSk+l) c for some k and this 
means that M s  k is a M-rational extension o f M S k  + i- We claim that this implies 
that Ker s~ + Im ~+1 is a rational submodule of  M for each i >_-k. By 
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[ 18, Lemma 1.1 ], to prove this it is enough to show that if x ~ M, 0 ~ y E M, 

then there exists r ~ R  such that rxEKers~ + Im ¢t+1, ry ~ 0. By a similar 

argument we have that, since s~ ÷ I(M) is M-rational in s~(M), there exists r ~ R 

such that rst(x)Es~+~(M) and ry ÷ 0. Therefore rs~(x)=s~+l(z) for some 

z E M and so rx = (rx - Oi + t(z)) + ¢i + l(z) with s i ( r x  - -  Oi + 1(2)) ---- 0. Thus we 
have indeed shown that M = ( K e r s ~ + I m O ~ + 0  c and, since for i>-_k, 
Im ¢~+~ c Ker sn for each n > i, we have also that M = (Ker s,- + nn>~ Ker s~) c 

for each i > k. Observe now that, since the lattice of  rationally closed 
submodules of M is modular, we have as in [7, Lemma 1.4] that if X, Y, Z are 

rationally closed submodules of M such that X c Y, (X + Z)  c = (Y + Z)  c and 

X A  Z =  YA Z, then Y =  YA ( Y +  Z) ~ = YA ( X +  Z) c = ( X + ( Y A  Z)) c = 
t ,-)t+l ( X + ( X  O Z)) c =  X ~ = X. Applying this recursively to Xt--  , ,,-1 Ker Sk+r, 

Yt---- n[_~ Kersk+, (with Y0=M)  and Zt = K e r s k  for t = 0 ,  1 , . . . ,  we see 

that Kersk ~ Kersk n Kersk+l 3 . . .  is a strictly descending chain of 

rationally closed submodules of M, which gives a contradiction and completes 

the proof. 

In [4] it is shown that i fMis  the rational completion o fa  noetherian module 

and S -- End(RM), then nil subrings of S are nilpotent. Similarly we have: 

COROLLARY 1.14. Let RM be a rational extension of an artinian module 
and S -- End(RM). Then nil subrings of  S are nilpotent. 

PROOF. Let L be an artinian rational submodule of  M. Then the lattice of 

rationally closed submodules of  M is clearly isomorphic to the lattice of 

rationally closed submodules of L and hence M has DCC on rationally dosed 
submodules. 

2. Endomorphism rings of quasi-injective modules and bounds on the index 
of nilpotency 

We have observed in the proof of  Theorem 1.2 that i f M  has a finite rational 

Loewy series of length n and S = EndGM), then n is an upper bound for the 

index of nilpotency of N(S) but we are going to obtain a more precise bound. 

In order to do this we say (in a similar way to [19]) that a submodule X o f L  is 

linked to M at the i-th layer if  there exists a nonzero submodule Y of 
F~(M)/F i- I(M) such that 

X c lt.(Y)= n { K e r f [ f E H o m R ( L ,  Y)}. 

The next result extends [19, Theorem 4.8], which is obtained taking L = R a 
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ring with DCC on M-rationally closed left ideals and assuming that M is, 

furthermore, uniform and quasi-injective. 

PROPOSITION 2. I. Let M and L be left R-modules such that M is L- 
distinguished in aiM] and L has DCC on f/I-closed submodules. I f  

D = IL(F(M)) = O { K e r f ]  f ~ U o m R ( L ,  F(M))} and S = End(RM), 

then the index of nilpotency of N(S) is less than or equal to the number of layers 

to which D is linked. 

PROOF. We use induction in the number k of layers to which D is linked. 

By definition, D is always linked to F(M) (assuming M * 0), so that our 

induction starts for k = 1 assuming that D is not linked to the i-th layer for 

i > 1. I f f ~ N ( S ) ,  then K e r f i s  essential and rationally closed in M so that 
F(M) c Ker f b y  [ 11, Prop. 2.1 ]. I f f ,  0, there must be a least i > 1 such that 

f(Fi(M)) ~ 0 and since f (F  i- '(M)) = 0, calling Mi -- Fi(M)/F i- t(M) we get a 

nonzero homomorphism g : M~ -~ M induced by f.  The proof of Theorem 1.2 

shows that every nonzero z(M)-torsionfree module of or[M] contains a z(M)- 

cocritical module, so that the sum of all the x(M)-cocritical submodules of  M~ 

is essential and hence M-rational in M~ (for M~ = FM(M/F ~- ~(M))). Therefore, 

there must be a x(M)-cocritical submodule C of Mi such that g(C) ÷ 0 for, on 

the contrary, Ker g would be a M-rational submodule of M~ in contradiction 
with the fact that g ~ 0. Then C ~ g ( C )  c g(M~) C F(M), so that D annihi- 
lates C. This contradicts the fact that D is not linked to the i-th layer and thus 

we have in this case that N(S) = O. 
Assume now that the result is true for modules Z such that Z satisfies our 

hypotheses and IL(F(Z)) is linked to less than k layers of Z. Suppose that D is 

linked to exactly k layers of M and let the largest of  them be the q- th layer. Set 

Z = F q- t(M). It is clear that Z is L-distinguished in a[Z] and also that L has 

DCC on Z-closed submodules. Moreover, Z is essential in M by [ 17, Coroll. 

VI.3.5] and hence F ( Z ) = F z ( Z ) = F M ( Z ) = F ( M ) ,  and, more generally, 

Fi(Z) = F'(M) for each i _-< q - I. Thus IL(F(Z)) = D and the layers of Z are 

the Fi(M)/F ~- t(M) for i = 1 . . . . .  q - l, so that D is linked to exactly k - 1 

layers of  Z. By the induction hypothesis we have that if S' = End(RZ),then 

N(S') k - ~ = 0. Now, arguing as in the proof of[ 19, Theorem 4.8] we have that if 

f~ . . . .  , fk E N(S), then f, ]z ~ N(S') and hence Z = F q- I(M) c 

Ker( fkf ,_ , . .  "f2). This gives a homomorphism Mq =Fq(M)/Fq-t(M)-- 'M 
and, since the lattice of  M-rationally closed submodules of Mq is comple- 

mented, we have that (fkfk-1"" "f2)(Fq(M))C F(M). Since f t (F(M))= 0 we 



VOI. 60, 1987 RATIONAL LOEWY SERIES 327 

also see that (fkfk-~" " "fO(Fq(M)) = O. NOW, iffk" ' "f~ # O, there exists m _-__ q 
such that (fk""" fO(F re(M)) = 0 but (fk""" fO(F m+ t(M)) ~ O. This produces a 

nonzero homomorphism F"  + ~(M)/F m (M)---, M and the argument used in the 

proof of the case k = 1 shows that D is linked to the (m + 1)-th layer of  M, 

which is a contradiction and completes the proof. 

Let RM be a quasi-injective module and S = End(RM). Then N(S)  is 

precisely the Jacobson radical J of  S [2, Prop. 18.20] and we are going to show 

that, in some cases, the index of  nilpotency of  J coincides with the length of  the 

rational Loewy series of  M. 

THEOREM 2.2. Let RM be a quasi-injective module. Then F(M) = lM(J). I f  

moreover M/F"(M)  contains an essential finite direct sum o f  z(M)-cocritical 
submodules for each n > 1, then Fn(M) = IM(Jn). This happens, in particular, 

when M (or M/F(M))  has DCC on (M-rationally) closed submodules. 

PROOF. We have already observed that Fn(M)J ~ = 0 for each n > 0, so 

that, in particular, F(M) C lM(J). On the other hand we know that F(M) is the 

largest submodule of  M with the property that all its essential submodules are 

M-rational and hence, to prove the converse inclusion, we will show that IM(J) 

enjoys this property. Let then K be an essential submodule of  lM(J). We will 

prove that HomR(IM(J)/K, E(M)) = 0. To see this, let T be a pseudo-comple- 

ment of  K in M, i.e., T maximal with respect to the property that K (~ T = 0. 

Then K • T is essential in M and, using the fact that M, being quasi-injective, 

is a fully invariant submodule of  E(M) [5, Coroll. 19.3], it is straightforward to 

see that this implies that IM(J) C (K ~ T y .  Since the join in the lattice of  

rationally closed submodules of  M of X7 and X~ is given by (XI + X2Y, we 

have that 

(K + (lM(J) N T)) ~ = (K c + (IM(J) f3 Tc)) c = IM(J) f3 (K ~9 T) ¢, 

where the last identity follows by modularity and the fact that K c c IM(J). 
Since as we have seen IM(J) C (K c9 T y ,  we get that (K + (IM(J) t3 T)) c = 
IM(J). But K t3 (IM(J) f3 T) C K O T = 0 and, as K is by hypothesis essential in 

IM(J), IM(J) t3 T = 0  and hence IM(J)=K ~. This implies that 

HomR(IM(J)/K, E(M)) = 0, completing the proof of  the first part. 

To prove the second assertion we only have to show that IM(J") C F"(M). 
Using induction, assume that n > 2 and F n- ~(M) = IM(J ~- ~). Then there are 

homomorphisms f E J~ - I, i E I, such that F n - t(M) = f')l Ker f .  If q : M --* 

M / F  n- ~(M) denotes the canonical projection, then e a c h f  factors a s f  = g~ .q, 
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with g ~ : M / F " - t ( M ) ~ M  and (] iKergi  = 0. But M/F"- I (M)  contains by 
hypothesis an essential direct sum of the form ~9[ C;, where the C~ are 
x(M)-cocritical modules and an easy induction (see, e.g., the proof of [2, Prop. 
10.6, c)=~ a)]) shows that the lattice of M-rationally closed submodules of 
• [ C~ has the finite intersection property (see [2, p. 132] for the definition). 
Thus it is clear that the lattice of M-rationally closed submodules of 
M / F " - t ( M )  has also this property and hence there exists a finite subset 
{ i t , . . . ,  i,} of I such that (]k-t  Kerg~, = 0. This means that F"-I(M) = 
I'] ~=t Kerf~ and we have a monomorphism u : M / F " - t ( M ) ~ M "  such that, 
denoting by Pk : M" --" M the canonical projections, f~ = Pk" U" q. On the other 
hand, the argument used above to prove that F ( M ) =  lM(J) shows also that 
FM(X) is the intersection of the kernels of the homomorphismsf:  X ~ M such 
that K e r f i s  essential, for each x(M)-torsionfree module X of a[M]. This, 
together with the fact that FM is a left exact subfunctor of the identity of 
R-rood, implies that FM(M/F"-~(M)) = u -  ~(FM(M')) is the intersection of all 
the kernels of homomorphisms h : M / F " -  ~(M)--, M which have an extension 
v : M" --, M such that Kerv is essential in M'  (note that, since M is quasi- 
injective, all homomorphisms from M" to E(M)  factor through M). Ifh is such 
a homomorphism, then 

) • 
h . q = v . u ' q = v ,  k ' P k  " u ' q = Y , ( V ' j k ) ' ( P k ' U ' q ) = ~ ' ( V ' J k ) ' f k  

l l 

(where jk : M ---, M r denote the canonical injections). Since Kerv is essential in 
M',  we have that Ker(v "Jk)=J; t(Ker v) is essential in M, so that v "Jk ~ J .  

Sincef  k belongs to J"-1, we get that h -q  E J". Now it-is clear that 

F"(M) = q- '(FM(M/F" -'(M))) = OKer(h.  q) 

and hence that IM(J")C F"(M). Finally, assume that M / F ( M )  has DCC on 
M-rationally closed submodules. Then each M/Fi(M),  i > 1, is a x(M)- 
torsionfree quotient of M / F ( M )  and it is not difficult to prove that it contains 
an essential finite direct sum of ,~(M)-cocritical submodules (see, e.g., [12, 
Prop. 18.3, Prop. 21.1]). This ends the proof. 

From Theorem 2.2 it follows that i fM  is a quasi-injective module such that 
M/F"(M)  is an essential extension of a finite direct sum of x(M)-cocritical 
modules for each n > 1, then J is nilpotent with index r if and only if M has a 
finite rational Loewy series of length r. In case M has DCC on closed 



Vol. 60, 1987 RATIONAL LOEWY SERIES 329 

submodules (i.e., when S is right noetherian) we get the following refinement of  

Corollary 1.5. 

COROLLARY 2.3. Let RM be a quasi-injective module. Then S is right 

artinian i f  and only i f  RM has DCC on closed submodules and finite rational 

Loewy series. 

PROOF. We have already remarked that S is fight noetherian if and only if 

Mhas  DCC on closed submodules. As in Corollary 1.5 we have that in this case 

S is also semiperfect. Bearing in mind that S is right artinian if and only if it is 

right noetherian and semiprimary, the result follows from Theorem 2.2. 

The following corollary extends a well-known result on endomorphism rings 

of  (quasi-)injective modules [2, Coroll. 18.21 ]. 

COROLLARY 2.4. Let M be a quasi-injective module such that F(M) is 

essential in M. Then J(S) = rs(F(M)) and S/J(S) "-" End(F(M)). 

Next, we see that, in some cases, the powers of  the radical J o f S a r e  precisely 

the annihilators of the corresponding terms of the rational Loewy series. 

COROLLARY 2.5. Let M be a uniform quasi-injective module and S = 

EndR(M). I f  M/F"(M) is an essential extension o f  a finite direct sum o f  
z(M)-cocritical submodules for each n >= 1, then J" = rs(F"(M)). In particular, 
S is right artinian i f  and only i f M  has DCC on closed submodules andfinite 

rational Loewy length. 

PROOF. Since F"(M)-- lu(J")  by Theorem 2.2, we have that J " C  

rslM(J") = rs(F"(M)) and hence we only have to show that rs(P(M)) c J". We 
do it by induction in n. For n = l, the result follows from Corollary 2.3. Thus, 

assume that n _-> 2 and rs(F"-I(M)) c J"-~ and let fErs(F"(M)).  I f p : M ~  

M/F"-~(M), q~ : M / F " - ~ ( M ) ~  M/F"(M) and q2 : M ~ M/F"(M) denote the 
canonical homomorphisms, we have that, since f (F"(M))= 0, there exists 
h : M / F " ( M ) ~ M  such that f =  h "q2 = h .q~.p. On the other hand, the proof 

of  Theorem 2.2 shows that M/F"-  ~(M) embeds in a module of the form M r 

and we may assume that r is the least integer with this property. We thus have a 

monomorphism u : M / F " - 1 ( M ) - ' M  r and, since M is quasi-injective, there 

exists a homomorphism g : M ' - , M  such that g .  u = h.q~ and hence f =  

h .  ql. p = g .  u . p .  Therefore, if  Pk : Mr ~ M, i~ : M --* M r, for k = 1 . . . . .  r, 

denote the canonical projections and injections, respectively, we have that 

P k . U . p E r s ( F " - l ( M ) ) C J  "-1 and we claim that g . i k E J  for each k =  
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1 , . . . ,  r. Assume on the contrary that g .  ik q~ J for some k. Since M is uniform, 

this implies that Ker(g. ik) = 0. Furthermore, F u ( M / F " -  l(M)) C Ker(g. u) 

and since each g(M)-cocritical submodule of M / F " - ~ ( M )  is contained in 

FM(M /F" -1 (M) ) ,  our hypotheses imply that Ker(g .u)  is essential in 

M / F" - ' ( M ). Thus, ifv : i ~- ~ ( M / F" - ~( M )  ) -,. Mdenotes the pull-back ofu  along 

ik, w e  see that Ker v -- Ker(g • ik" V) is also essential and, since v is a monomor- 
phism, this implies that ii- ~ ( M / F "  - t(M)) = 0. But this means that M / F "  - I(M) 

embeds in M r- 1, contradicting the minimality of r and hence g .  ik E J for each 

k = 1 , . . . ,  r. Now, it is easy to see that f =  Y.[ ( g ' i k ) ' ( P k ' U ' P )  and thus 
f E J " ,  completing the first part of  the proof. To prove the last assertion we 

must only show that i f M  has DCC on closed submodules and finite full Loewy 

length n, then S is right artinian. We have that F " ( M )  = F" + ~(M) and hence 

J" = rs (F"(M))  = rs(F"+t(M))  = J"+'.  

But, since S is right noetherian, Nakayama's lemma implies that J" = 0 and so 

that result follows. 

EXAMPLES 2.6. There are (uniform) quasi-injective modules M such that 

M / F " ( M )  is a finitely cogenerated module and hence contains an essential 

finite direct sum ofx(M)-cocritical modules, for each n ->_ 0, but M / F ( M )  has 
not DCC on M-rationally closed submodules. For instance, if R = Z p X Z p ~  

(where p is a prime, Zp is the ring ofp-adic integers and t~ denotes the trivial 

extension) is Osofsky's example of an injective cogenerator ring without chain 
conditions [5, p. 214], then the rational Loewy series of R coincides with the 

usual ascending Loewy series and R / F " ( R )  ~ (p" ,  O)R for each n > 0. Thus, if 

J denotes the radical of  R and Soc(R) the socle, Soc" (R) = lR (J") and J" = 
rR(Soc"(R)) for each n >-_ 0, but R has not DCC on closed submodutes. 

Let C = Z / p 3 Z  ( p a prime) and R the ring of upper triangular 5 × 5 matrices 

with entries aij ~ C for i < 5 and a55 E Z. Let z be the torsion theory of R-mod 

whose associated Gabriel filter consists of  the left ideals of  R which contain the 

ideal of all the (a0)E R such that a22 = a55 = 0 and M = Re33. In [20, Example 

6.13] it is shown that R is a z-artinian ring and M a z-torsionfree (uniform) 

quasi-injective module such that the length of the z-semicocritical socle series 

of  M is 4 but the index of nilpotency of the radical J of  S = End(RM) is 3 
(actually, S is isomorphic to C). We see that the length of the rational Loewy 

series of  M gives in this case a better bound (in fact, the best possible bound, 

according to Theorem 2.2). A straightforward computation shows that 
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F(M) = 

p c F pc 1 
p2C pC 

p2C F2(M)= pC 

0 0 

0 . 0  

F 3 ( M )  = M = 

C 

C 

C 

0 

. 0 - 

and this is also the z(M)-semicocritical socle series of M, which is shorter than 
other semicocritical socle series (such as the corresponding to the torsion 
theory z defined above). From Proposition 2.1 and Theorem 2.2 it follows that 
in this case D = IR(F(M)) is linked to all the rational layers of M. 

Despite the fact that the rational Loewy series of Mcoincides with the x(M)- 
semicocritical socle series in the hypotheses of Theorem 1.2 and Proposition 
2.1 as we have already remarked, this is far from being true in general. Perhaps 
the simplest example is obtained by considering a left self-injective regular ring 
R which is not a product of left full linear rings (i.e., such that the left socle of R 
is not essential [13]). Then z(R) = za is the Goldie torsion theory of R-mod 
([12]) and, since the zo-cocritical modules are the nonsingular uniform left 
R-modules, which in this case must be simple [13, Prop. 3.24], we have that 
the ro-semicocritical socle of R is Soc(R) and all the terms of the 
za- semicocritical socle series are isomorphic to E(Soc(R)). On the other hand, 
it is clear that F(R) --- R and so the ring satisfies trivially the hypotheses of 
Corollary 2.3 without having essential (To-semicocritical) socle. 

REFERENCES 

I. T. Albu and C. Nast~tsescu, Relative Finiteness in Module Theory, Marcel Dekker, New 
York, 1984. 

2. F. W. Anderson and K. R. Fuller, Rings and Categories of Modules, Springer-Verlag, New 
York, 1974. 

3. A. K. Boyle and E. H. Feller, The endomorphism ring of a A-module over a right noetherian 
ring, Isr. J. Math. 45 (1983), 313-328. 

4. M. G. Dehspande and E. H. Feller, Endomorphism rings of essential extensions of a 
noetherian module, Isr. J. Math. 17 (1974), 46-49. 

5. C. Faith, Algebra H Ring Theory, Springer-Verlag, Berlin, 1976. 
6. C. Faith, lnjective modules and injective quotient rings, Lecture Notes in Pure Appl. Math. 

72, Marcel Dekker, New York, 1982. 
7. J. W. Fisher, Nil subrings ofendomorphism rings of modules, Proc. Amer. Math. Soc. 34 

(1972), 75-78. 
8. K. R. Fuller, Density and equivalence, J. Algebra 29 (1974), 528-550. 
9. J. L. Garcia Hermindez and J. L. Gomez Pardo, On endomorphism rings of quasi-projective 

modules, Math. Z. 196 (1987), 87-108. 
10. J. L. Garcia Hermindez and J. L. Gomez Pardo, Selfinjective and PF endomorphism 

rings, Isr. J. Math. 58 (1987), 324-350. 



332 J .L .  GOMEZ PARDO Isr. J. Math. 

11. J. S. Golan, On the endomorphism ring of a module noetherian with respect to a Wrsion 
theory, Isr. J. Math. 45 (1983), 257-264. 

12. J. S. Golan, Torsion Theories, Longrnan, Hadow, 1986. 
13. K. R. Goodead, Ring Theory. Nonsingular Rings and Modules, Marcel Dekker, New 

York, 1976. 
14. B. Johns, Chain conditions and nil ideals, J. Algebra 73 (1981), 287-294. 
! 5. T. Kato, U-distinguished modules, J. Algebra 25 (1973), 15-24. 
16. R. C. Shock, The ring ofendomorphisms ofafinite dimensional module, Isr. J. Math. 11 

(1972), 309-314. 
17. B. Stenstrom, Rings of Quotients, Springer-Verlag, Berlin, 1975. 
18. H. H. Storrer, On Goldman's primary decomposition, Lectures on Rings and Modules, 

Lecture Notes in Math. 246, Springer-Verlag, Berlin, 1972, pp. 617-661. 
19. M. L. Telpy, Modules semicocritical with respect to a torsion theory and their applications, 

Isr. J. Math. 54 (1986), 181-200. 
20. M. L. Teply, Semicocritical modules, Secretariado de Publicaciones, Universidad de 

Murcia, Murcia, 1987. 
21. R. Wisbauer, Localization of modules and the central closure of rings, Commun. Algebra 

9 (1981), 1455-1493. 
22. B. Zimmermann, Endomorphism rings ofselfgenerators, Algebra Bericht Nr. 27, Math. 

Inst. der Univ. Munchen, 1975. 


